Many of studies have suggested the modifications on Weibull distribution to model the non-monotone hazards. In this paper, we combine two cumulative hazard functions and propose a new modified Weibull distribution function. The newly suggested distribution will be named as a new flexible Weibull distribution. Corresponding hazard function of the proposed distribution shows flexible (monotone or non-monotone) shapes. We study the characteristics of the proposed distribution that includes ageing behavior, moment, and order statistic. We also discuss an estimation method for its parameters. The performance of the proposed distribution is compared with existing modified Weibull distributions using various types of hazard functions. We also use real data example to illustrate the efficiency of the proposed distribution.
Introduction
Weibull distribution has been widely used in various fields such as reliability engineering due to its flexibility in fitting failure times, where its survival function is given as
, t > 0, with parameters λ, θ > 0. The corresponding hazard function (failure rate function) can then be written as h(t) = λθ λ t λ−1 .
However, Weibull distribution is inappropriate to model the non-monotone hazard rate such as bathtubshaped hazard rate because Weibull distribution can produce only monotonic hazard rates. Hence, many of modifications of Weibull distribution have been suggested, which can fit the non-monotone hazard rate. It may be a natural approach to combine two different survival functions (with increasing and decreasing hazards) and generate a distribution function as F(t) = αF 1 (t) + (1 − α)F 2 (t), where 0 < α < 1, which is well-known as a mixture of distributions, or
(1.1) with parameters α, β > 0. The cumulative distribution function can be written in terms of the cumulative hazard function H(x) as
where the cumulative hazard function satisfies the following properties as
H(t) is nonnegative and increasing, 2. lim t→0 H(t) = 0 and lim t→∞ H(t) = ∞.
Hence, we can also combine two cumulative hazard functions to generate a distribution function as H(t) = αH 1 (t) + βH 2 (t), (1.2) which is eventually equivalent to (1.1), or
with parameters α, β > 0. We can introduce further an intercept parameter in (1.3) to add more flexibility.
The modified Weibull distributions suggested by Xie and Lai (1995) , Almalki and Yuan (2013), and Lemonte et al. (2014) belong to the class (1.2), and the modified Weibull distributions suggested by Xie et al. (2002) , Lai et al. (2003) , Nadarajah and Kotz (2005) , Bebbington et al. (2007) and Aryal and Elbatal (2015) belong to the class (1.3), and Park and Park (2016) discussed its generalization. Only the difference in past works is the choice of cumulative hazard functions. If we combine different types of hazard functions, where one is increasing and the other is decreasing, the hazard functions of the above distribution functions are expected to be flexible. However, the popular choices in past works include exp(t) and log(t), which are not appropriate as cumulative hazard functions.
In this paper, we choose exp(t) − 1 and log(t + 1) as two cumulative hazard functions and produce a new flexible Weibull distribution (NFW) by following the aforementioned approach (1.3) as log H NFW (t) = µ + α log (exp (t) − 1) + β log (log (t + 1)).
We provide the properties including characterization of hazard function and ageing behavior. The proposed distribution is also compared with some current modified Weibull distributions for various types of distribution functions and real data example.
New flexible Weibull distribution and its properties
We propose a new modified Weibull distribution as log H NFW (t; µ, α, β) = µ + α log (exp (t) − 1) + β log (log (t + 1)), which we call new flexible Weibull distribution. Since both exp (t)−1 and log (t + 1) satisfy the properties of the cumulative hazard function, the resulting new flexible Weibull distribution becomes theoretically rigorous and more flexible compared to other modified Weibull distributions. The hazard function corresponding to α log (exp (t) − 1) shows the bathtub-shape (α < 1) or the increasing shape (α ≥ 1), whereas the hazard function corresponding to β log (log (t + 1)) may be decreasing (β ≤ 1) or upside-down bathtub-shaped (β > 1).
The cumulative hazard function of the new flexible Weibull distribution is given by
and the corresponding hazard function has the following form
.
The cumulative distribution function of the new flexible Weibull distribution can be written as
and its probability density function can be obtained as
Figures 1 and 2 shapes of hazard function h NFW (t) relating to the change of α and β, with µ fixed to 0. As shown in both figures, the hazard functions of the new flexible Weibull distribution can cover increasing, decreasing, bathtub-shaped, modified bathtub-shaped and upside-down bathtub-shaped failure rates.
We also study the limiting behavior of the hazard function of the hazard function. Note that lim t→∞ h NFW (t; µ, α, β) = 0 when α is close to 0 and h NFW (t) goes to ∞ otherwise. It is straightforward that lim t→0 h NFW (t; µ, α, β) = 0 when at least one of the parameters α or β is greater or equal to 1. However when neither α nor β is greater or equal to 1, the limiting behavior varies as follows, depending on the parameters. Figure 2 illustrates the different behaviors of hazard function as t goes to 0, by an example of changing β when α is fixed. h(∞) = 0. Most previous studies have fixed limiting behaviors, which result in limited types of capable hazard functions. The new flexible Weibull distribution, however, is able to cover various types of hazard functions by an appropriate choice of parameters. We can write the r th moment of the new flexible Weibull distribution as
We use Gauss-Kronrod quadrature for numerical integration since the above integral cannot be computed in closed-form. Figures 3-5 shows the changing density and moments as β varies when α is fixed. Figure 6: Probability density function of r th order statistic.
We also study the order statistic of the proposed distribution. We denote the probability density function of r th order statistic T (r) as f r:n (t). The probability density function f r:n (t) can be written as
}h(t).
Since the probability density function f (t) can be written in terms of hazard function h(t) and cumulative hazard function H(t) as
we can derive f r:n (t) as
where µ * = µ + log(n + k + 1 − r). Figure 6 shows the probability density function of r th order statistic when α and β are both fixed to 0.5 and n fixed to 10.
Parameter estimation
In order to estimate the unknown parameters of the distribution, we can consider the Weibull-type probability plot employed in Bebbington et al. (2007) , Lai et al. (2003) and Park and Park (2016) by letting the theoretical cumulative hazard function be as close to the empirical cumulative hazard function as logĤ(t) = µ + α log (exp (t) − 1) + β log (log (t + 1)), whereĤ(t) is the nonparametric estimate of the cumulative hazard function at t.
Hence, we can obtain the (weighted) least square estimation by estimating H(t) with the NelsonAalen estimator or Kaplan-Meier estimator. For simplicity, one may consider the ordinary least square estimation; however, we consider the maximum likelihood estimation as follows.
The likelihood function of the new flexible Weibull distribution given t 1 , . . . , t n has the following form as
Then the score functions for parameters µ, α and β can be obtained as follows.
In order to obtain maximum likelihood estimates of µ, α and β, we solve the above three equations using the quasi-Newton method with initial values set to the ordinary least square estimates.
Simulation studies
In order to evaluate the performance of the new flexible Weibull distribution, we consider the following five different types of distributions. The hazard functions are given in Figure 7 . We compare the new flexible Weibull distribution with the standard Weibull distribution (twoparameter), modified Weibull distribution (three-parameter), flexible Weibull distribution (threeparameter), very flexible Weibull distribution (three-parameter), and two-parameter lifetime distribution suggested by Chen (2000) as 1. Weibull log H(t) = α + β log(t). Lai et al. (2003) log H(t) = µ + αt + β log(t). Bebbington et al. (2007) log H(t) = αt − β t . 4. Very flexible Weibull by Park and Park (2016) log H(t) = µ + αt + β log log(t + 1).
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Flexible Weibull by
5. Two-parameter lifetime distribution by Chen (2000) log H(t) = µ + log ( exp
As we can see, the above four modified Weibull distributions contain at least one inappropriate cumulative hazard function.
In evaluating the performance, we generated a random sample of size 30 from each distribution, and calculated the log-likelihood value, Akaike Information Criterion (AIC), and KolmogorovSmirnov statistic (K-S). We repeated 100,000 Monte Carlo simulations and calculated the averages which are tabulated in Table 1 .
The numerical results in Table 1 
Application
We use a real data example to illustrate the efficiency of new flexible Weibull distribution. The failure time data studied in Murthy et al. (2004) and Aryal and Elbatal (2015) were used for application. The data are as follows.
Example 6. 0. 036, 0.058, 0.061, 0.074, 0.078, 0.086, 0.102, 0.103, 0.114, 0.116, 0.148, 0.183, 0.192, 0.254, 0.262, 0.379, 0.381, 0.538, 0.570, 0.574, 0.590, 0.618, 0.645, 0.961, 1.228, 1.600, 2.006, 2.054, 2.804, 3.058, 3.076, 3.147, 3.625, 3.704, 3.931, 4.073, 4.393, 4.534, 4.893, 6.274, 6.816, 7.896, 7.904, 8.022, 9.337, 10.940, 11.020, 13.880, 14.730, 15.080 . Figure 8 illustrates the survival function and cumulative hazard function using product-limit estimate and Nelson-Aalen estimate, respectively. We compare the efficiency of new flexible Weibull distribution with aforementioned distributions using log-likelihood value, AIC and K-S values ( Table  2) .
The results in Table 2 indicate that flexible Weibull distribution shows the largest log-likelihood value and lowest AIC value; however, flexible Weibull distribution has the poorest fit in terms of K-S value. On the other hand, new flexible Weibull distribution shows second best fit in terms of log-likelihood value and AIC value along with lowest K-S value.
Conclusions
Some well-known modified Weibull distributions can be represented as a multiplication of two cumulative hazard functions, but some cumulative hazard functions do not satisfy the properties as a cumulative hazard function. We consider exp (t) − 1 and log(t + 1), and suggest a new modified Weibull distribution called a new flexible Weibull distribution which is theoretically rigorous and shows more flexibility. The hazard function of the new flexible Weibull distribution can cover the monotone shape as well as non-monotone shape that include bathtub-shaped, modified bathtub-shaped or upside-down bathtub-shaped. We presented the parameter estimation methods and compared their performance with some modified Weibull distributions for various types of distributions and real data application.
